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Given a Coxeter system (W,S), let S∗ be the free monoid generated by the set of words in the alphabet
S with concatenation as product. A word si1si2 . . . sik in S∗ is an expression for w if it represents the
element w ∈ W . If k is the minimum among all possible expressions for w, we say that k is the length of
w and the corresponding word is said to be reduced. The string of subscripts i1i2 . . . ik is called a reduced
word for w and the collection of all reduced words for w is denoted by R(w).

There are three notable graphs associated with the reduced words of a permutation:

� G(w): the vertex set is R(w) where two vertices are connected by an edge if the corresponding
reduced words differ by a single Coxeter relation;

� Commutations graph - C(w): the graph whose vertices are the commutation classes (obtained by
contracting commutation edges in G(w)), with edges corresponding to long braid relations between
classes;

� Braid class graph - B(w): the graph whose vertices are braid classes (obtained by contracting
edges corresponding to long braid relations in G(w)), with edges representing short braid relations
between the classes.

By introducing the notion of a segment in a word, commutation classes consisting of a single reduced word
have been fully characterized. This result has motivated our current investigation into the structure of
commutation classes with exactly two reduced words. Our aim is to identify the conditions under which
such classes arise and to develop a complete classification for them.
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